Abstract. Any three hypergeometric functions whose respective parameters, a, b and c, differ by integers satisfy a linear relation with coefficients that are rational functions of a, b, c and the variable x. These relations are called three-term relations. This paper shows that the coefficients of three-term relations have properties called symmetries under certain changes of variables, and gives explicit formulas of these symmetries.
Introduction
In this paper, we define a symmetry of certain functions of seven variables, and show that the coefficients of three-term relations for the hypergeometric function have symmetries. In addition, we give explicit formulas of these symmetries.
The hypergeometric function is defined by
where c Z ≤0 . Here, (α) n denotes Γ(α + n)/Γ(α), which equals α(α + 1) · · · (α + n − 1) for any positive integer n. It is known that for any triples of integers (k, l, m) and (k ′ , l ′ , m ′ ), the three hypergeometric functions R, Ebisu [2] has found many special values of the hypergeometric function. Therefore, investigating properties of Q and R is important.
The coefficients Q and R have specific properties called "symmetries." It is well-known that the hypergeometric differential equation has twenty-four symmetries. Ebisu [2, Section 2.3] noticed that these symmetries of the hypergeometric differential equation inherit to Q, but he did not write symmetries on Q explicitly. On the other hand, Vidūnas [5, p. 509, (11)] obtained another symmetry. However, they did not state clearly the definition of symmetries.
In order to avoid ambiguity, we define a symmetry of Q and R, and combining symmetries noticed by Ebisu and Vidūnas, we show that Q and R each have ninety-six symmetries, in total.
Throughout this paper, unless explicitly stated otherwise, we assume that
because in order to obtain some symmetries of Q, we use the expression for Q given in [1] based on these assumptions.
Symmetries of the coefficients of three-term relations.
After defining a symmetry of certain functions including Q and R, we present two theorems, which assert that Q and R each have ninety-six symmetries. These theorems (Theorems 2 and 3) are the main results of this paper. Also, we present a proposition, which provides a relation between Q and R.
Let S abc , S x and S be the sets each defined by
and let T be the set of all rational functions of a, b, c and x. Also, let us write the set of all functions P : S → T as Map(S , T ). Then, we are able to regard Q and R as elements of Map(S , T ); namely,
Now, we define a symmetry of elements of Map(S , T ) as follows: Definition 1. Let G be a group that acts on Map(S , T ), and take any ϕ ∈ G; P ∈ Map(S , T ).
If for any
then we say that P has a symmetry under ϕ. If for any ϕ ∈ G, P has a symmetry under ϕ, then we say that P has symmetries under an action of G.
In order to present a theorem that provides Q's symmetries, we introduce a transformation group G and define an action of G on Map(S , T ). Let G be the group generated by the following four mappings so that G acts on S :
where group operation is defined as the composition of elements in G. Then, the group G is isomorphic to Z/2Z × S 3 ⋉ (Z/2Z) 3 ; thus, the order of G equals ninety-six. (See Proposition 5 for details.) We define an action of G on Map(S , T ) by (σP) (z) := P σ −1 z , where σ ∈ G, z ∈ S and P ∈ Map(S , T ).
The following theorem provides Q's symmetries:
The coefficient Q of (1.1) has symmetries under the action of G; thus, Q has ninety-six symmetries. In fact, Q has the following symmetries:
In addition, combining these formulas, we are able to obtain the other ninety-two explicit formulas describing Q's symmetries.
Also, in order to present a theorem that provides R's symmetries, we introduce a transformation groupG and define an action ofG on Map(S , T ). LetG be the group generated by the following four mappings so thatG acts on S :
where σ i (i = 0, 1, 2, 3) are the mappings defined in the above, τ is the mapping defined by
and group operation is defined as the composition of elements inG. From this definition, we are able to verify thatG is isomorphic to G; thus, the order ofG also equals ninety-six. We define an action ofG on Map(S , T ) as we defined the action of G on Map(S , T ).
The following theorem provides R's symmetries:
The coefficient R of (1.1) has symmetries under the action ofG; thus, R has ninety-six symmetries. In fact, R has the following symmetries:
In addition, combining these formulas, we are able to obtain the other ninety-two explicit formulas describing R's symmetries.
The following proposition is useful for deriving (1.6)-(1.9) from (1.2)-(1.5):
Proposition 4. The coefficients of (1.1) satisfy the following relation:
Below, we first prove Proposition 4, and after that, we prove Theorems 2 and 3.
Relation between Q and R
In this section, we prove Proposition 4. With the help of this proposition, in Section 3.2, we derive (1.6)-(1.9) from (1.2)-(1.5).
Replacing
where
As is well known,
where ∂ := d/dx, and is a solution of the hypergeometric differential equation L abc y = 0, where
.
Using these facts, we have
and we therefore obtain
From (2.2), we are able to rewrite (2.1) as
As mentioned in the introduction, the pair (Q, R) satisfying (1.1) is uniquely determined by (k, l, m); thus, equating the coefficients of F(a, b, c ; x) in (1.1) and (2.3), we complete the proof of Proposition 4.
Symmetries of Q and R
In this section, we first prove Theorem 2, and after that, with the help of Proposition 4, we prove Theorem 3.
Symmetries of Q.
After characterizing structure of G, we prove Theorem 2. For conciseness, we write σ i 1 σ i 2 · · · σ i s as σ i 1 i 2 ···i s for any i 1 , i 2 , . . . , i s ∈ {0, 1, 2, 3}. Also, we write the identity element of G as Id G . Set σ 4 := σ 1313 and σ 5 := σ 213132131 to make them become
Then, we obtain the following proposition:
Proposition 5. The structure of G is identified as
where S 3 is the symmetric group of degree 3; thus, the order of G equals 2 · 3! · 2 3 = 96.
Proof. First, let G 1 be the subgroup of G generated by σ 1 , σ 2 and σ 3 . Then, we have
. Next, let H and N be the subgroups of G 1 generated by σ 1 , σ 2 ; and σ 3 , σ 4 , σ 5 , respectively. From σ 13 = σ 341 , σ 1i = σ i1 (i = 4, 5), σ 2i = σ i2 (i = 3, 5) and σ 24 = σ 3452 , it is verified that σ i N = Nσ i (i = 1, 2); namely, N is normal in G 1 , and in addition, for any g ∈ G 1 , there are h ∈ H and n ∈ N satisfying g = hn. At the same time, we are able to verify that every element of H except for Id G changes x in (k, l, m ; a, b, c ; x), whereas
, σ 12 = σ 2121 and σ i j = σ ji (i, j ∈ {3, 4, 5}), we find that H S 3 and N (Z/2Z) 3 . This completes the proof of the proposition.
We list all elements of G below. The set of all elements in the second and fourth columns is equal to G. In each row, σ given in the second column and σ ′ given in the fourth column satisfy σ ′ = σσ 3 ; namely, if we make the interchange k ↔ l and a ↔ b in a representation of σ(k, l, m ; a, b, c ; x), then we are able to obtain a representation of σ
Now, we begin to prove Theorem 2. Our immediate aim is to prove (1.2)-(1.5). As mentioned in the introduction, Q is a rational function of x for each (k, l, m) ∈ Z 3 . Therefore, from the uniqueness of analytic continuation, it is sufficient to show that (1.2)-(1.5) hold for |x| < 1/2; thus, below, we assume |x| < 1/2.
First, we prove (1.3) using the following two formulas:
where (3.1) is the Pfaff's identity, and (3.2) is an immediate consequence of [2, p.14, (2.5)]. Applying (3.1) to both sides of (1.1), we have
Moreover, from (3.2), we are able to rewrite (3.3) as
On the other hand, replacing
As mentioned in the introduction, the pair (Q, R) satisfying (1.1) is uniquely determined by (k, l, m); thus, equating the coefficients of F(c − a + 1, b + 1, c + 1 ; x/(x − 1)) in (3.5) and (3.4), we obtain (1.3). Next, we prove (1.5). Replacing k, l, a, b in (1.1) with respective l, k, b, a, we have
This can be rewritten as
because F(α, β, γ ; x) is symmetric with respect to the exchange of α and β; namely,
As mentioned in the introduction, the pair (Q, R) satisfying (1.1) is uniquely determined by (k, l, m); thus, equating the coefficients of F(a + 1, b + 1, c + 1 ; x) in (1.1) and (3.6), we obtain (1.5).
In order to prove (1.2) and (1.4), we introduce two expressions for Q. Let y i (i = 1, 2, 5, 6) be the functions defined by
Then, Q can be expressed as follows:
where 
where W(a, b, c ; x) denotes the denominator of (3.8); namely,
Moreover, from the formula given in [1, p.262, Lemma 3.6], we have
From the above, it is verified that
Multiplying both sides of (3.10) by (a
we are able to complete the proof of (1.2).
Finally, using (3.8) and (3.9), we prove (1.4). When we apply σ 2 to (3.8), the numerator becomes
and the denominator becomes
From the definitions of y i (i = 1, 2, 5, 6), we are able to rewrite (3.11) and (3.12) as
respectively, and comparing (3.13)/(3.14) with (3.9), we obtain
Moreover, multiplying both sides of (3.15) by
we are able to complete the proof of (1.4).
We conclude the proofs of (1.2)-(1.5) with the above arguments, and we now consider the other cases when we apply σ ∈ G\ {σ 0 , σ 1 , σ 2 , σ 3 } to Q. For any σ ∈ G and any (k, l, m) ∈ Z 3 , let λ σ (k, l, m ; a, b, c ; x) be the rational function of a, b, c and x defined by
Then, from (1.2)-(1.5), we have
The following lemma is useful for completing the proof of Theorem 2:
Lemma 6. For any σ, σ ′ ∈ G, it is satisfied that
Proof. From the definition of λ σ , we have
Thus the lemma is proved.
Since G is generated by σ 0 -σ 3 , using (3.16)-(3.19) and Lemma 6, for any σ ∈ G, we are able to obtain λ σ of the following form:
where α i ∈ S abc (i = 1, 2, . . . , s) and n i ∈ Z (i = 1, 2, . . . , s + 3). This implies that for any σ ∈ G, Q has a symmetry under σ. Thus we complete the proof of Theorem 2.
In fact, using (3.16)-(3.19) and Lemma 6, we are able to obtain the following corollary:
the following functions are equal to Q (z) as rational functions of a, b, c and x:
(1)
where In particular, using (1) and (38) given in Corollary 7, we obtain
and replacing (k, l, m) by (−k, −l, −m) in (3.21), we obtain Q's symmetry given by Vidūnas [5, p. 509, (11)].
Symmetries of R.
After characterizing structure ofG, we prove Theorem 3. For conciseness, we writeσ i 1σ i 2 · · ·σ i s asσ i 1 i 2 ···i s for any i 1 , i 2 , . . . , i s ∈ {0, 1, 2, 3}. Also, we write the identity element ofG as IdG. Setting
in the same way as we proved Proposition 5, we are able to prove the following:
thus, the order ofG equals 2 · 3! · 2 3 = 96. We list elements ofG below. The set of all elements in the second and fourth columns is equal toG. In each row,σ given in the second column andσ ′ given in the fourth column satisfyσ ′ =σσ 3 ; namely, if we make the interchange k ↔ l and a ↔ b in a representation ofσ(k, l, m ; a, b, c ; x), then we are able to obtain a representation ofσ ′ (k, l, m ; a, b, c ; x). Hence, we do not give representations ofσ ′ (k, l, m ; a, b, c ; x), but only list representations ofσ(k, l, m ; a, b, c ; x) in the third column.
Now, using Theorem 2 and Proposition 4, we prove Theorem 3. For any (k, l, m) ∈ Z 3 , let λ τ (k, l, m ; a, b, c ; x) be the rational function of a, b, c and x defined by
Then, the relation given in Proposition 4 can be rewritten as
where z := (k, l, m ; a, b, c ; x), because the inverse mapping of τ is given by
From the definition of λ σ , we have
Also, applying τ −1 to (3.22), we have
Therefore, using (3.22)-(3.24), we obtain
In conclusion, it turns out that
This implies that R has a symmetry under τστ −1 for each σ ∈ G; namely, R has symmetries under the action ofG. In particular, letting σ = σ i (i = 0, 1, 2, 3) in (3.25), we are able to derive (1.6)-(1.9) from (1.2)-(1.5), respectively. Moreover, for anyσ ∈ G\ {σ 0 ,σ 1 ,σ 2 ,σ 3 }, we are able to obtain a explicit formula describing R's symmetry underσ as follows: First, for anyσ ∈G and any (k, l, m) ∈ Z 3 , letλσ(k, l, m ; a, b, c ; x) be the rational function of a, b, c and x defined bỹ
Finally, sinceG is generated byσ 0 -σ 3 , using (3.26)-(3.29) and Lemma 8, for anyσ ∈G, we are able to obtainλσ of the form (3.20). Thus we complete the proof of Theorem 3.
In fact, using (3.26)-(3.29) and Lemma 8, we are able to obtain the following corollary: 
(1 − x) −k R (σ 14 z) ,
R (σ 05 z) ,
(1 − x) m+1−k−l R (σ 045 z) ,
(1 − x) −k R (σ 0145 z) , 
